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We e x a m i n e  a n o r m a l  c o m p r e s s i o n  s h o c k  in an  a e r o s o l ,  of w h i c h  one p h a s e  is a v i s c o u s  gas  and  the  o t h e r  
c o n s i s t s  of s o l i d  p a r t i c l e s .  We s tudy  the  c o n t i n u o u s  s o l u t i o n  wi th  a c c o u n t  f o r  f o r c e  i n t e r a c t i o n  b e t w e e n  t he  p h a s e s .  
S e v e r a l  v e r s i o n s  a r e  c a l c u l a t e d  n u m e r i c a l l y  f o r  the  i s o t h e r m a l  and  i s e n t r o p i e  a p p r o x i m a t i o n s .  

The  R a k h m a t u l i n  e q u a t i o n s  [1] a r e  u s e d  to d e s c r i b e  the  p r o c e s s .  

An examination of strong disturbances in an n-component medium using the Rakhmatulin equations was made in 

[2], where the discontinuous solution was investigated. 

We c o n s i d e r  the  c o n t i n u o u s  s o l u t i o n  f o r  a m e d i u m  wi th  known i n t e r a c t i o n  law b e t w e e n  the  c o m p o n e n t s ;  the  
e q u a t i o n s  of m o t i o n  a r e  t r a n s f o r m e d  c o r r e s p o n d i n g l y .  F o r  a n  a n a l o g o u s  m e d i u m  the  p i s t o n  and  r a r e f a c t i o n - w a v e  
p r o b l e m s  w e r e  s o l v e d  in [3]. T h e r e i n  the  s o l u t i o n  was  o b t a i n e d  by the  m e t h o d  of c h a r a c t e r i s t i c s  fo r  l o w - i n t e n s i t y  
d i s t u r b a n c e s  fo r  S t o k e s ' - l a w  i n t e r a c t i o n  b e t w e e n  the  p a r t i c l e s  and  the  gas .  

In c o n t r a s t  wi th  [3], in  t he  p r e s e n t  s t udy  t he  f o r c e  i n t e r a c t i o n  is t a k e n  in m o r e  g e n e r a l  f o r m  wi th  u s e  of t he  
r e s i s t a n c e  c o e f f i c i e n t  c x, wh ich  m a k e s  i t  p o s s i b l e  to  e x a m i n e  the  p r o c e s s  f o r  b o t h  s m a l l  and  l a r g e  i~elat ive v e l o c i t i e s .  
The  s t u d y  is  m a d e  in a c o o r d i n a t e  s y s t e m  f ixed  w i t h  the  c o m p r e s s i o n  s h o c k  f r o n t .  

The  R a k h m a t u l i n  e q u a t i o n s  in  the  o n e - d i m e n s i o n a l  c a s e  h a v e  the  f o r m  [1] 

n n 

J=l J=l  

du n __ 1 Op n K~n 

T - - - -  Pn~ -~--+ ~' ~ .  (%--%)+X.  (i) 
j : l  

P = P ( P n i '  On), Pl _~ . . .  _~ P n  : t 
Pl/ Pn,; 

When  u s i n g  e q u a t i o n s  of t h i s  type  to s t u d y  d i f f e r e n t  m e d i a ,  in e a c h  p a r t i c u l a r  c a s e  we m u s t  c o n c r e t i z e  the  
t r a n s f o r m a t i o n  ls.ws and  t h e  f o r c e  i n t e r a c t i o n  l aws .  

A s s u m i n g  t h a t  the  p r i n c i p l e s  of c o n t i n u u m  m e c h a n i c s  a r e  va l id  f o r  the  a e r o s o l  and  t h a t  the  p a r t i c l e s  a r e  
s p h e r i c a l ,  and  c o n s i d e r i n g  the  m a g n i t u d e  of t h e  i n t e r a c t i o n  f o r c e  f r o m  the  gas  to  be  a func t i on  of t he  r e l a t i v e  v e l o c i t y  
s q u a r e d ,  t h e n  f o r  t he  m o t i o n  wi thou t  m u t u a l  t r a n s f o r m a t i o n s  of the  c o m p o n e n t s  a n d  wi th  a c c o u n t  f o r  the  gas  v i s c o s i t y  
we h a v e  

dun __ 

dt 

- • t •  -[- d iv  (plul) ---~ 0, - ~ "  -~- d iv  (p~uo) = 0  

P]i 0x 8 r PlP~i 3pr ~ Ox ]. Ox ] 

du~ 3 % Pl~ ( u l -  u~.)~ 
d t  8 r ~2i 

P~P(Oli,  C), P~ + P--L-~ = 1  
Pr~ P~ 

(z) 

The  d e r i v a t i o n  of t he  e q u a t i o n s  is  no t  p r e s e n t e d ,  s i n c e  t h i s  would  b e  a. r e p e t i t i o n  of the  b a s i c  a s p e c t s  of [1]. 

The  r e s i s t a n c e  c o e f f i c i e n t  c x is a f unc t i on  of the  R e y n o l d s  n u m b e r ,  a n d  t he  s u b s c r i p t s  1 and  2 d e n o t e  the  gas  
a n d  s o l i d  p h a s e ,  r e s p e c t i v e l y .  I n t e r a c t i o n  of the  p a r t i c l e s  wi th  one a n o t h e r  is  a s s u m e d  to b e  n e g l i g i b l e .  
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Equations (2) a r e  used to study the compress ion  shock of constant intensi ty (with constant p a r a m e t e r s  ahead of 
the shock); the equations a re  r ewr i t t en  for the s ta t ionary case  in a coordinate  sys tem fixed with the shock front:  

d u 0 Pl Pe 

ui dul = - -  i dp ~_ 3 Cx P~"Pll (u l - -u , )e- I -  4 d V 
dx Pli d~ ' 8 r pipe i " ;~Pli dw dx j 

u~ du~ __ 3 Cx Pli (,q__~,,)~, P ~ P ( P l ~ ,  C) 
dx 8 r p~ 

(3) 

In the case  of motion of a gas without par t ic les ,  even with a shock wave ampli tude which va r i e s  with t ime,  the 
behavior  and s t ruc tu re  of the shock f ront  can be descr ibed  for any instant with the aid of s t eady-s ta te  theory.  

This is possible  because  over  t ime in tervals  smal l  in compar i son  with the ove r -a l I  t ime  scale  of the gasdynamic 
p rocess  but longer  than the t ime  At for the front  to t r ave l  a distance on the order  of its width Ax the en t i re  
dis t r ibut ion pat tern of the quanti t ies in the wave front  propagates  through the gas in " f rozen"  fo rm as a whole [4, 5]. 

Fo r  the medium cons idered  in the present  study with its own sor t  of m a c r o s c o p i c - s c a l e  re laxat ion,  the use of 
s t eady-s ta te  theory  to study unsmady p r o c e s s e s  is l imited.  In this case  the acceptable  r a t e  of change of the 
p a r a m e t e r s  ahead of the front  can be es t imated  d i rec t ly  f rom the solution of (3) af ter  de termining  the magnitude of the 
re laxa t ion  zone. 

Thus, we examine the case  of smal l  vo lumet r ic  content of the suspended pa r t i c l e s ,  i . e . ,  p / p f i  ~ 1. With account 
for this,  a f te r  par t ia l  integrat ion (3) takes the fo rm 

pin1 ~---p1~ ~ p ~ u 2 : p 2 ~  ~ P ~ P(Pll, C) 

'; 4 dul 
P 1~176 + P~~176 P -- ~- ~" ~ = ~ ~~176 + P ~-~ + P~ (4) 

tt~ du2 - -  3 cx Pli (ul--u,2) 2 
dx 8 r P,_,i 

For  fur ther  t r ans format ions  of (4) it is advisable to introduce the d imensionIess  quaritities 

U I =  ul U e =  u~ X = x__x_ R o _  2ul~ 

p~ p~ p~ 
El ~ piOulO2 , E~.~ p OuO~ , Ea ~ p~iuO2 

In the present study the primary question is force interaction of the phases, and therefore in evaluating the order 
of magnitudes and examining the quali tat ive aspect  in the energe t ies  of the p roces s  it is sufficient  to l imi t  ourse lves  
to ce r ta in  approximations.  

As these  approximat ions  we use the i so the rmal  (# = const, p = P~ and isent ropie  (the Poisson adiabat for the 
gaseous phase with the rma l ly  isolated par t ic les)  assumptions.  

In the i so the rma l  case  with account for  the adopted notations,  we wri te  (4) af ter  s imple  t rans format ions  as 

dU~ 3 Ro (uI  + E ~  Ue ) - -  - -  ~ ~ ~  t El~ - -Ea  ~ 
dX 8 e '~  ' ~ 2 ; - -  - -  ~ (5) 

du~ 3 e~ o % ( 2 - -  u,  v~) 
d X  8 E~* U~ Ui 

The isentroplc  case  di f fers  fo rmal ly  f rom the i so thermal  case  in that in the f i r s t  equation of (5) the third t e r m  
o k R o in the parentheses  takes the fo rm E / U  1 and = var .  

F o r  s impl ic i ty  we a s sume  that the phase ve loc i t i e s  a re  the same at the initial t ime.  Then to desc r ibe  the 
compres s ion  shock we must  combine with (5) the boundary conditions, which express  the absence of gradients  ahead of 
and behind the shock and the approach of the gasdynamic quantit ies to the init ial  (as X - -  - ~ )  and final (as X ~ +~o) 
values.  Thus, set t ing in (5) the der iva t ives  of the ve loc i t ies  equal to zero  ( d U / d X  = dU2/dX = 0), it is easy to find the 
veloci ty  boundary conditions 
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X = - - o %  U~= U8=1 (6) 
X ~ -~ or UI ~ U s - -  E:~176  

E :  ~ + E8 ~ 

T h e s e  va lues  c o r r e s p o n d  to the  u sua l  r e l a t i o n s  on a d i s con t inu i t y .  If the  p a r t i c l e  quan t i ty  is s m a l l  (E~ - -  ~) ,  
o 

a f t e r  r e s o l v i n g  the  a m b i g u i t y  tn (6) we obta in  U = E 1, wh ich  c o r r e s p o n d s  to the  c a s e  of p u r e  gas .  We s e e  f r o m  (6) tha t  
the  s h o c k  i n t e n s i t y  i n c r e a s e s ,  o t h e r  c o n d i t i o n s  b e i n g  the  s a m e ,  with i n c r e a s e  of the  p a r t i c l e  m a s s ,  s p e c i f i c a l l y ,  

:'~ (7) U= ] H_ plo / psO 

S y s t e m  (5) was  s o l v e d  n u m e r i c a l l y  f o r  the  c a s e  of a w a t e r - a i r  m e d i u m  (fog) u n d e r  the  a s s u m p t i o n  tha t  b r e a k u p  of 
the  d r o p l e t s  and p h a s e  t r a n s f o r m a t i o n s  do no t  o c c u r ,  i . e . ,  the  w a t e r  p a r t i c l e s  a r e  equ iva l en t  to so l id  b o d i e s .  The 

f low p a r a m e t e r s  a h e a d  of the  s h o c k  w e r e  

pO = 9.St.i04N/m 2, T = 303 ~ K, ~o = 16.10-SmZ/sec, M = l.i  
pC = p2O, E~ ~ ~ E8 ~ ~.~ 0.598, E3 ~ ~ 0.662-I0 -8 

We s e e  tha t  the  m a s s  r e l a t i o n s h i p s  f o r  the  gas  and  the  p a r t i c l e s  w e r e  a s s u m e d  to be the s a m e .  Eva lua t ion  of the  
r a t i o s  of the  f i c t i t i o u s  and ac tua l  gas  d e n s i t i e s  y i e l d s  

Pl 1 
0.999 Pll -- 1 + Pli / P~ 

i. e., the densities are interchangeable to within 0.001. 

In solving (5) the particle sizes were taken to be 

r = 10-% i0-L 10 -8, i0 -8 (it] -- m) 

F o r  the  s a k e  of g e n e r a l i t y  we i nc luded  the  c a s e  of a shock  in the  p u r e  gas  wi th  the s a m e  in i t ia l  v a l u e s .  

The r e l a t i o n  fo r  Cx was  t aken  f r o m  [6]: 

cx = l (R) 

The Reyno ld s  n u m b e r  is  b a s e d  on the  r e l a t i v e  ve loc i t y :  

(s) 

R = 2r I ul  --  u21 (9 )  
'V 

If for low R e y n o l d s  n u m b e r s  we r e p l a c e  c x by i ts  a p p r o x i m a t e  e x p r e s s i o n  

cx= 24/R (10) 

then  (5) wi l l  d e s c r i b e  the  c a s e  of S tokes  i n t e r a c t i o n  b e t w e e n  the  m e d i u m  and the  p a r t i c l e s :  

( z:  ~ E1 o El o dU~ _ 3 Ro U~ -i- -==- Us -+- - - 1  - -  g~ ~ 
d X  8 \ g2 ~ U1 - E l  ) ( 11 )  
due  9 Es~ ( t  U , )  
- s  n z ,  ~ 

We note  tha t  t h i s  so lu t ion  is  b a s i c a l l y  qua l i t a t i ve  s i n c e  the  a p p l i c a t i o n  of the  u sua l  laws  to the  p r o c e s s  of f low 
p a s t  v e r y  s m a l l  p a r t i c l e s  is  not  r i g o r o u s l y  j u s t i f i e d .  

For the case of a compression shock in pure air it is easy to obtain an analytic solution which can be used for 

comparison with the numerical results: 

8 ~ - u  (12)  
X - -  3R o ( t _ E 1  ~ ] n ( U _ E l O )  E,~ 
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The ca l cu la t ed  data  for  the  two-phase  m e d i u m  a r e  shown g raph ica l ly  in F igs .  1 and 2. 

400 XO0 3OO 

Fig. 1 

Figure 1 gives an idea of the qualitative aspect of the process, while Fig. 2 shows the variat ion of the intensity 
of the  p r o c e s s  in the  gaseous  phase  as  a funct ion of the p a r t i c l e  s i ze  (points  1, 2, 3, and 4 indica te ,  r e s p e c t i v e l y ,  the 
computa t iona l  r e s u l t s f o r p a r t i e l e s w i t h  r = 10-gm,  10 -8 m, 10 -7 m,  10 -8 m; 5 ( - )  c o r r e s p o n d s  to the case  of a 
c o m p r e s s i o n  shock in a pure  gas).  

x Z \ x ~  

oq 

Io /J 
Fig.  2 

We see  tha t  for  c o m p a r a t i v e l y  l a rge  p a r t i c l e s  the p r o c e s s  b r e a k s  down into two s e g m e n t s  which a r e  of d i f fe ren t  
o r d e r s  of magni tude .  

Within the  l imi t s  of the f i r s t  s e g m e n t  the p a r t i c l e  veloci ty  r e m a i n s  p r a c t i c a l l y  cons tan t ,  while in the  gas t h e r e  
is a m a r k e d  ve loc i ty  change,  c o r r e s p o n d i n g  in in tens i ty  and g rad ien t  to the c a s e  of a shock in a pure  gas .  

In the  second  s e g m e n t  the gas and p a r t i c l e  p a r a m e t e r s  r e a c h  the i r  f inal  va lues  in a s ign i f i can t ly  r e t a r d e d  
p r o c e s s .  However ,  we note tha t  on the whole the d i s t u rb an ce  r e g i o n  r e m a i n s  s m a l l  for  the case  of s m a l l  p a r t i c l e s .  

With r educ t ion  of the  P a r t i c l e  r ad ius  the n a t u r e  of the shock changes  so tha t  the p r o c e s s  fo r  both phases  b e c o m e s  of 
the s a m e  o r d e r  with r e g a r d  to in tens i ty  with a gene ra l  i n c r e a s e  of the ve loc i ty  grad ien t .  It is obvious tha t  the 
i s o t h e r m a l  model  of the  c o m p r e s s i o n  shock in a v i scous  gas is t h e r m o d y n a m i c a l l y  qui te  ap p ro x ima te  and t h e r e f o r e  
m u s t  be c o n s i d e r e d  a f i r s t  app rox ima t ion ,  as ,  for  example ,  in [7]. 

In our  s tudy we examined  the i s en t rop ie  shock as the second approx imat ion .  This c o m p r e s s i o n  shock model  is 
qua l i t a t ive ly  b e t t e r  s ince  in the  s e r i e s  expansion the  P o i s s o n  ad iaba t  co inc ides  with the Hugoniot shock ad iaba t  to within 
the  t h i r d - o r d e r  t e r m  [4, 5]. However ,  s ince  the  i n t e r m e d i a t e  s t a t e s  in the ca se  of s t r o n g  c o m p r e s s i o n  shocks  a r e  not 
d e s c r i b e d  by the equat ion of the ad iaba t s  men t ioned  above,  to obtain m o r e  a c c u r a t e  r e s u l t s  in t h e s e  c a s e s  we mus t  use  
the  e n e r g y - b a l a n c e  equation.  

The r e s u l t s  of the ca l cu la t ion  of the  i s en t rop i c  shock with the p rev ious  in i t ia l  condi t ions  a r e  shown in Fig.  3, 
where  points  1 c o r r e s p o n d  to the  case  r = 10 -8 m,  points  2 a r e  for  the c a s e  r = 10 -7 m,  and points  3 a r e  for  the ca se  
of a shock in the pure  gas.  

. !  
AZ 
. J  

Fig. 3 

The v i s c o s i t y - t e m p e r a t u r e  dependence  was taken as  
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o I T \0.7 ~=~ ~7)  (13) 

We see f rom Fig.  3 that with r e g a r d  to the nature of the var ia t ion of the phase ve loc i t i es  this case  does not 
r e p r e s e n t  any qual i ta t ively  new phenomenon and does not differ  markedly  f rom the i so thermal  case  with r e sp ec t  to the 

o rder  of the gasdynamic quanti t ies .  

In genera l ,  if in some p rocess  the gas p a r a m e t e r s  va ry  in accordance  with the Poisson  adiabat with exponent k, 
then the p a r a m e t e r s  of the two-phase medium vary  poly t ropica l ly  with some exponent n, defined in p, v var iab les  as 

n v Op (14) 
p ov 

For  the medium in question without phase t rans format ion  and heat t r ans f e r  between the phases ,  the polytropic 
exponent can be obtained eas i ly  in the fo rm 

#li 

With account for heat t r ans f e r  the express ion  for the polytropic exponent changes: 

n =  t - - z R / c  "~ vl i __"::z- 

Thus, if the medium in question is taken to be some hypothetical  gas with averaged  p a r a m e t e r s  and if we wri te  
the usual re la t ions  on the shock, we obtain eas i ly  the express ion  for the shock adiabat in this case:  

P _ [ t - 4 - k ( 2 k / n - - t ) ] p / p ~  
p~ [ 1 4 - k ( 2 k / n ~  ~ 

(17) 

In the case  without heat  t r ans f e r  between the phases the exponent n differs  ve ry  l i t t le  f rom k (in our example 
n~ = 1.0011), i . e . ,  f rom the viewpoint of the s tates  at 4-oo the two-phase medium behaves like a "heavy" gas with 
adiabatic exponent approximate ly  equal to k. 

In this sense  the pa r t i c l e s ,  jus t  as in the i so the rmal  case ,  inc rease  the shock intensity.  If heat t r ans f e r  
between the phases is taken into account,  the exponent n may differ markedly  f rom k. In this case  the p rocess  is 
compl ica ted  by the rma l  re laxat ion,  which intensif ies  the shock. In this sense  the i so thermal  shock may be cons idered  
as the l imi t ing  case  in which the gas is ideal ly t he rma l ly  conductive and the par t i c les  a r e  a thermos ta t .  

Returning to the question of the poss ibi l i ty  of desc r ib ing  unsteady p r o c e s s e s  in a two-phase medium with the aid 
of the s t eady-s t a t e  equations,  we note the following. 

We see  f rom Figs .  1 and 3 that in the case  of sufficiently smal l  par t ic les  the sca le  of the p roces s  in the gas can 
be the sca le  for  the medium as a whole, so that s t eady-s ta te  theory  is applicable without any l imitat ion.  

In the case  of l a r g e r  pa r t i c l e s  these  sca les  do not coincide.  The o rder  of magnitude of the re laxat ion zone in the 
s imples t  case  can be evaluated by solving the equation of motion of an individual pa r t i c le  suspended in a gas s t r e a m  
t rave l ing  with veloci ty  u (for Stokes interact ion):  

R ~ dU~ _ t - - U :  (18) 
9 Pti dX U~ 

Equation (18) is in tegrated for U = const and with the following boundary condition: X = 0, U 2 = 0. We obtain 

u~ § In (i -- U~) (19) 
X = - -  (9 / R ~ (Pll I P~) 

Setting U 2 ~- 0.667 (of order  1 - e -I  according to re laxat ion theory),  it is easy  to obtain the value of/~X, which 

can be called . there laxa t ion  region: 
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AX .~. 0.0481B~ Pli (20) 

Thus the method of s ta t ionary  processes  in a two-phase medium can be used to study only those unsteady 
processes  in which the var ia t ion  of the macroscopic  paramete rs  takes place in regions significantly longer than &X. 
In this case,  in calculat ing R ~ we must  take as the charac te r i s t ic  velocity the magnitude of the velocity jump in the 
shock wave. 

In the presen t  paper we have studied that par t icular  case of a shock in which the state ahead of the shock is in 
thermal  equi l ibr ium and the phase velocit ies are the same.  ~n the general  case the qualitative picture may be 
considerably  more  complex. 
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